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Abstract 
We introduce the concept of T-chromatic uniqueness of graphs, obtain some basic properties 
about T-chromatic uniqueness and generalize a result obtained by Chia (1986). We also consider 
the T-chromatic uniqueness of the generalized 0-graphs. 
1. Introduction 
The graphs which we consider here are finite, undirected, simple and loopless. Let 
G be a graph, V(G) and E(G) be its vertex and edge sets, respectively. Let P(G, 2) be 
its chromatic polynomial. Two graphs G and H are said to be chromatically equivalent 
if P (G ,2)= P(H,2). A graph G is said to be chromatically unique if for any graph 
H, P(G, 2)= P(H, 2) implies that G is isomorphic to H. 
Let G be a graph and G1 be a graph obtained by overlapping some trees on certain 
vertices of G. Then P(G1,2)= (2 -  1)np(G, 2) for some positive integer n. Suppose H 
is another graph such that P(H, 2) =P(G1,2) = (2 -  1 )~P(G, 2). What is the relationship 
between H and G? This consideration leads us to introduce the following concept: 
Definition 1. A graph G is said to be T-chromatically unique if for any positive integer 
n and any graph H such that P(H,2) = (2 - 1)np(G, 2), then H contains a subgraph 
H1 such that Ht ~ G. 
Obviously K2, the complete graph with two vertices, is T-chromatically unique since 
P(H,2) = (2 -  1)nP(K2,2)= 2(2 -  1) n+l implies that H is a tree, and consequently 
H contains K2 as a subgraph. But the path P~(n >>. 4) with length n - 1 is not T- 
chromatically unique. Indeed, if we take H as the star KI,~, then P(H, 2) = 2(2 - 1 )~ = 
(it- 1)e(Pn, 2), but H does not contain H1 such that H1 ~ Pn. In this paper, we 
will present some properties of T-chromaticity of graphs (Section 2), generalize one 
main result of [1] (Section 3) and finally discuss the T-chromaticity of the generalized 
0-graphs (Section 4). 
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2. Some properties of T-chromaticity 
First of all, we need the following: 
Lemma 1 (Whitehead and Zhao [4] and Woodall [5]). A graph G has n blocks if and 
only t f2= 1 is a root of P(G,2) with multiplicity n. 
Theorem 1. I f  G is T-chromatically unique, then G is chromatically unique. 
Proofi Let G be a T-chromatically unique graph. Suppose G1 is a graph such that 
P(G1,2) - -P(G,  2). We shall show that GI TM G. 
Let H be a graph obtained by overlapping K2 on GI with one common vertex v. 
Then P(H,2) = (2 - 1)P(G1,2) = (2 - 1)P(G,2). Since G is T-chromatically unique, 
H contains a subgraph/-/1 such that//1 ~ G. Suppose G (and therefore H1 ) has only 
one block. Then 2 = 1 is a root of P(G,2) with multiplicity 1 by Lemma 1. Thus, 
2 = 1 is a root of P(H, 2) with multiplicity 2. Using Lemma 1 again, H has exactly 2 
blocks, namely G1 and/£2 (also by Lemma 1, G1 is a block). Therefore G -~ G1 or 
G ---- K2. Either case implies that G is chromatically unique. Suppose G has at least 2 
blocks. Since P (H ,2) - - (2 -  1)P(G,2), by Lemma 1, H has at least 3 blocks. 
Case 1: HI does not contain a block K2. Then H1 is a subgraph of G1. But P (Ht ,2 )= 
P(G, 2) = P(G1, 2) which implies that G1 and H1 have exactly the same number of 
vertices and edges. Therefore we must have G -- G1. 
Case 2://1 contains a block K2. Suppose G has n blocks where n t> 2. Then H 
has n ÷ 1 blocks by using Lemma 1 repeatedly. Suppose these n + 1 blocks of H are 
Bo ,Bl . . . . .  Bn-1, Bn, where Bn ~ K2 and B0 C_ G1 but Bo ~ 111. Then G1 has blocks 
Bo, B1 . . . . .  Bn -1  and H1 has blocks B1 . . . . .  Bn-1, Bn. By Theorem 3 of [3], we have 
P(H, 2) = P(Bo, 2)P(H~, )0/2 = P(Bo, 2)P(G, 2)/2 
~> 2(2 - 1 )P(G, 2)/2 = P(H, 2). 
Therefore P(B0,2)= 2(2 -  1), in which case B0 TM /£2 because /£2 is chromatically 
unique. 
Let A denote the subgraph of H consisting of the blocks B1, B2 . . . . .  Bn-1. Then 
G ~ H1 =A~K2, where U*V denotes the graph obtained from the graphs U and V by 
overlapping U and V on one common vertex x. Also, G1 = A*K2. Suppose that for 
any automorphism a of A, a(u) # w. Let H2 -- * AwP3, where P3 is a path of length 
2. Then P(H2, 2) = (2 - 1)P(G, 2) and H2 does not contain any subgraph which is 
isomorphic to G. This is a contradiction since G is T-chromatically unique. Therefore 
there is an automorphism al of A such that a l (U)= w. This implies that G = G1, as 
required. [] 
The converse of the above theorem is not true. Let G be the graph obtained by 
overlapping 2 triangles on a complete graph K2. It is known that G is chromatically 
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unique. If  we take H to be the graph obtained from 2 triangles by overlapping them 
on a single vertex, then P(G,2) = 2(2 - 1)(2 - 2) 2 and P(H,2) = 2(2 - 1)2(2 - 2) 2. 
Therefore, P(H, 2)=(2-1)P (G,2)  which implies that G is not T-chromatically unique, 
since H does not contain any subgraph/-/1 such that H1 ~ G. 
Let G be a T-chromatically unique graph. Then G is chromatically unique by the 
above theorem. According to Propositions 2 and 3 in [1], G has at most 2 blocks, 
and for the case that G has 2 blocks, they are both vertex transitive and chromatically 
unique. Furthermore, one of the blocks must be isomorphic to K2. Now suppose G has 
2 blocks A and K2. Then A is chromatically unique and vertex transitive. 
Theorem 2. Let G be a graph consisting of two blocks A and K2. Then G is T- 
chromatically unique if and only if A is T-chromatically unique and vertex transitive. 
Proof. Suppose G is T-chromatically unique. Then G is chromatically unique and A 
is vertex transitive by the above discussion. Suppose A is not T-chromatically unique. 
Then there exist a positive integer n and a graph H such that P(H, 2)= (2 -  1 )nP(A, 2), 
and H does not contain a subgraph isomorphic to A. Also, P(H, 2)----(2- 1 )n-lp(G, 2). 
If n = 1, then P(H, 2 )= P(G,2) which implies that H --- G because G is chromati- 
cally unique. If  n > 1, then the T-chromatic uniqueness of G implies that H contains 
G as a subgraph. This contradicts our assumption that H does not contain A as a 
subgraph. 
On the other hand, suppose A is T-chromatically unique and vertex transitive. Sup- 
pose, also, H is a graph such that P (H ,2)= (2 -  1)"P(G,2). Then P(H, 2)= (2 - 
1)"+IP(A,2) which implies that H contains A as a subgraph by the T-chromatic 
uniqueness of A. Since A is vertex transitive and all other blocks of H are iso- 
morphic to K2, H contains G as a subgraph. This means that G is T-chromatically 
unique. [] 
Theorem 3. Let G be a graph. Then G is T-chromatically unique if and only if for 
any positive integer n and any graph H, P(H, 2) = (2 - 1 )riP(G, 2) implies that H is 
a graph obtained by overlapping some trees on some vertices of G. 
Proof. We only need to prove the necessity part. The proof is by induction on the 
number of vertices in G. The conclusion is trivially true for IV(G)[ = 1. Suppose the 
conclusion is true for IV(G)[ < k. Consider the case [V(G)[ =k.  Suppose H is a graph 
such that P (H ,2)= (2 - 1)"P(G, 2) for some positive integer n. Then H contains G 
as a subgraph as G is T-chromatically unique. Also, G contains at most 2 blocks by 
the discussion before Theorem 2. 
Case 1: G is a block. Then H has n + 1 blocks by Lemma 1. Therefore H has at least 
]E(G)[ +n edges since each block has at least one edge. From P(H, 2)=(2-1  )"P(G, 2), 
we know that H has exactly [E(G)[ + n edges, which implies that H has n blocks, 
each of which being isomorphic to K2. This implies that H is obtained by overlapping 
some trees on some vertices of G. 
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Case 2: G has 2 blocks A and K2. Then H has n+2 blocks and P (H ,2)= 
(2 - 1)n+IP(A, 2). By Theorem 2, A is T-chromatically unique and vertex transitive. 
Since IV(A)I = IV(G)I-  1 = k -  1, H is a graph obtained by overlapping some trees 
on some vertices of A by induction hypothesis. Therefore H is a graph obtained by 
overlapping some trees on some vertices of G since A is vertex transitive. [] 
3. A generalization of Chia's result 
The following lemma was actually proved in [1] (see the proof of Proposition 3 in 
[1]), although it was not explicitly stated there. 
Lemma 2. Suppose G has 2 blocks BI and B2. I f  IV(B~)I >i 3 for i = 1,2, then there 
is a 9raph H with 2 blocks Ill and K2 such that P(G, 2)= P(H, 2). 
Let U*V denote a graph obtained by overlapping the graphs U and V on a common 
vertex. 
Theorem 4. Suppose G is chromatically unique and vertex transitive. Then G is T- 
chromatically unique. 
Proof. Let H be a graph such that P (H ,2)= (2 -  1)np(G, 2). We need to prove 
that H contains G as a subgraph. The proof is again by induction on n. For n = 1, 
P(H, 2) = (2 - 1)P(G, 2) = P(G*K2, 2). By Theorem 4 in [1], G'K2 is chromatically 
unique. Thus H -~ G'K2, and the conclusion holds. Suppose the conclusion is true 
for n < k. Then consider the situation n = k. In this case, P(H, 2) = (2 - 1)kP(G, 2). 
Since G is chromatically unique, by Propositions 2 and 3 in [1], G has at most 2 
blocks. If  G has 2 blocks, then one of them must be K2. Since G is vertex transi- 
tive, G has only one block. By Lemma 1, H has exactly k + 1 blocks A1, A2 . . . . .  
Ak+I. 
Case 1: There exists an i such that 1 ~< i ~< k + 1 and Ai = K2. Denote the graph 
by H1 which is obtained by overlapping k blocks A1 . . . . .  Ai - l ,  Ai+l . . . . .  Ak+l on one 
vertex. Then/-/1 has exactly k blocks and P(H1,2)= (2 -  1)k-lp(G, 2). By induction 
hypothesis, H~ contains G as a subgraph. Since G is a block, there exists a j such that 
j 7~ i and Aj ~- G. Thus, H contains G as a subgraph. 
Case 2: For every i such that 1 ~< i ~< k + 1 and A i is not isomorphic to K2. Then 
IV(Ai)I 1> 3 for i = 1,2 . . . . .  k + 1. We may assume that AI and A2 overlap on a vertex 
u. Then by Lemma 2, there are 2 blocks BI and B2 such that Bl =K2 and P(A~A2, 2)= 
P(BTB2, ,~)  = P(K~B2,,~). 
By applying Theorem 3 of [3] repeatedly, we have 
P(H, 2) = P(A1* A2* ""  * Ak+l, 2) = P(K2* Bz* A3* "'" * Ak+l, 2). 
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Let Ho = B2*A3* " ' "  *Ak+l. Then P (Ho ,2)=P(H,  2)/ (2-  1) :  (2 -  1)k-lP(G,2). 
By induction hypothesis, Ho contains G as a subgraph. Since G is a block, we must 
have G=B2, G=A3, ..., or G =Ak+l. If GCB2, then G=Ak for some k/> 3. Thus, 
H contains G as a subgraph and we are done. So we may assume that G = B2. Now 
by considering the chromatic polynomial P(K2*Ho, 2), we have 
P(K2*Ho,2) >1 (2 -  1)P(B2,2)(2- 1)k-1 = (2 -  1)kP(G, 2) 
and obviously the equality holds if and only if A3 ~ ,44 ~. . .  -~ Ak+l ~ K2. We note 
that P(K2*Ho, 2)= P(H, 2)= (2 -  1)kP(G,2). Hence A 3 ~ ' "  ~-  Ak+l ~ K2. 
For k > 1, {A3 . . . . .  Ak+l } ¢ 0, which is a contradiction. Since we already assume 
that H does not contain Kz as a block. So we assume k = 1. Then P(G*K2,2)= 
P(AI*A2,2) =P(H, 2). Since G is chromatically unique and vertex transitive, G*K2 
is chromatically unique by Theorem 4 in [1]. Therefore H ~- G*K2 and H contains G 
as a subgraph. By induction, the proof is complete. [] 
Corollary 1. If G is chromatically unique and vertex transitive, then G'K2 is T- 
chromatically unique. 
Proof. Theorem 4 implies that G is T-chromatically unique. Since G is vertex transi- 
tive, the conclusion follows from Theorem 2. [] 
The following corollary, which is the main result in [1], is a direct consequence of
Corollary 1. 
Corollary 2 [1]. I f  G is chromatically unique and vertex transitive, then G'K2 is 
chromatically unique. 
Let Cp denote the cycle with length p and Kp be the complete graph with p vertices. 
Then applying Theorem 4 and Corollary 1, we have 
Corollary 3. The graphs Cp, Kp, Cp* K2 and Kp* K2 are all T-chromatically unique. 
4. The T-chromaticity of the generalized 0-graphs 
Our Theorem 1 states that any T-chromatically unique graph is chromatically unique. 
This means that to search for T-chromatically unique graphs, we may confine ourselves 
to chromatically unique graphs. Until now, we have only discussed the T-chromaticity 
of graphs which are vertex transitive and chromatically unique. How about other 
graphs which are not vertex transitive but chromatically unique? Among them, can 
we find some T-chromatically unique graphs? In the following, we shall discuss the 
T-chromaticity of the generalized 0-graphs and show that most of them are in fact 
T-chromatically unique. 
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A generalized 0-graph, denoted by O(a, b, c), is a graph consisting of three disjoint 
paths between two vertices of degree 3 with lengths a, b and c, respectively. We may 
assume a ~< b ~< c. 
Theorem 5. The graph O(a, b, c) with a <~ b <<. c is T-chromatically unique if and 
only if a > 1. 
Proof. I f  a = 1, then b > 1 since we only consider simple graphs. Let H = Ca+b* Ca+c. 
Then P(O(a,b,c),).)= (P(Ca+b,).)P(Ca+c,2))/(2(2- 1)) and P (H ,2)= e(Ca+b,).) 
P(Ca+c, 2)/2 = (2 - 1 )P(O(a, b, c), 2). But obviously H does not contain a subgraph 
H1 such that 1-11 -~ O(a, b, c). So O(a, b, c) is not T-chromatically unique. 
Conversely, suppose a > 1 and H is a graph satisfying P (H , ) . )=  ( ) . -  1)nP 
(O(a, b, c),).) for some n >~ 1. Then H has n + 1 blocks by Lemma 1. Also, H has 
(a + b + c - 1) + n vertices and a + b + c + n edges. Suppose A1, A2 . . . . .  An+l are 
the n + 1 blocks of H.  Now the girth of H is a + b since the girth of O(a, b, c) 
is a + b. Suppose AI contains a cycle of length a + b. Then IE(A~)I - IV(A1)I i> 0. 
I f  IE(A~)I - IV(A1)I >t 2, then IE(H)I ~> IV(H)I + 2 which is a contradiction since 
IE(H)I = [V(H)I + 1, Thus, 
o ~ IE(AI)I- [V(AI)I ~ 1. 
Case 1: IE(A1)I- IV(A1)I = 1. Because IE (H) [ -  IV(n)l = 1, we have for every 
i > 1, IE(Ai)[ - IV(Ai)[ = -1 ,  which implies that Ai -~ K2 for i > 1, because all the 
A i are  blocks. Therefore, P (H ,2)= (2 -  1)nP(A1,2) which implies that P (Ab2)= 
P(O(a, b, c),2). Since O(a,b,c) is chromatically unique by Loerinc [2], A1 ~ O(a, b, c) 
and H contains O(a, b, c) as a subgraph. 
Case 2: [E(A1) I -  [V(AI)I =0.  By the same reasoning, there is exactly one Ai (let 
it be A2) such that [E(A2)[ -  IV(A2)I = 0. Then A1 and Az must be cycles since 
A1 and A2 are blocks. Also, all of the Ai are K2 for i > 2 by the same reasoning. 
Thus, P(H,).) = (2 - 1)n-IP(A~*A2, 2). But P(H,2)  = (2 - 1)np(O(a, b, c),2) which 
implies that P(AI*A2,2)= (2 -  1)P(O(a,b,c),2). By Theorem 3 of [3], P(AI*A2,2)= 
P(A1, 2)P(A2, 2)/). = (). - 1)P(AI**A2,2) where AI**A2 denotes a graph obtained 
from A1 and A2 by overlapping them on an edge. Thus, P(O(a,b,c),2)=P(AI**A2,).). 
Since O(a,b,c) is chromatically unique by [2], we have O(a,b,c) TM AI**A2, which is 
a contradiction, since we assume a > 1. This completes the proof. [] 
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